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ABSTRACT

9985 A

A model is established for the continuum flow of a multicomponent

system of gases and their condensed phases. The general conservation equaticns
governing the behavior of the gases and condensed phases are derived. Viscosity,
heat conductivity, diffusion and production of species by chemical reactions are
included in the development. Non-equilibrium phenomena associated with the
presence of condensed phases is discussed in some detail.

Preliminary application to the high altitude hydrogen dumping process
is made in an analysis and numerical calculation on a chemically {frozen

(diffusion controlled) axisymmetric jet in phase equilibrium. Mﬂb
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MULTIPHASE FLOW WITH APPLICATION TO

LAMINAR AND TURBULENT JETS OF HYDROGEN
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Raymond Edelman
Simon Slutzky :

I. INTRODUCTION

The dumping of combustibles overboard from stages of boost
vehicles creates several problems of potential importance. The combustion,
surface heating, and induced pressure forces acting on the missile surface are
possible consequences of the dumping process. The problem is quite complex
owing to the combined effects of finite rate chemistry and jet boundary layer
interaction with the external flow. Investigations involving gaseous combusiibles
under conditions simulating launch trajectories are developed and discussed
in Ref. (1, 2, 3, 4).

Common to these investigations is that the various species were
present in the gas phase only. However, when cryogenic hydrogen is the fuel
under consideration, it becomes necessary to consider the possibility of two-
phase flow. In fact, a typical state in the hydrogen fuel tank consists of

saturated liquid hydrogen at approximately 20°K ( p=1 atm). Thus, at high

altitudes, say of the order of 200,000 feet, it is possible to expand the

hydrogen into the solid-vapor region. Furthermore, if the expansion is nearly



isentropic from 40 to 80% of the hydrogen can be in the solid phase (where

T ~10°K ) depending on whether vapor or liquid is bled from the tank. It is clear,
therefore, that the subsequent mixing with the surrounding air can lead to conden-
sation of the air. In general then, we can expect the flow field to be comprised
of the components of air and hydrogen each occuring in two-phases.

The problem of accounting for the effects due to the presence cof
condensed species can be divided into two parts: (1) development of the conser-
vation equations for the flov;r field and (2) determination of constitutive relations
for the transfer of mass, momentum, and energy between the phases. The first
part involves the description of the conservation of mass, momentum, and energy
for the gas phase and the condensed phase systems. The second part involves
the description of the dynamic and thermodynamic interactions between the gas
and condensed phase systems. In general, the second part involves the descrip-
tion of velocity differences between the phases (dynamic non-equilibrium), temp.w-
ature differences (thermal non-equilibrium), and mass transfer between the
phases (non-equilibrium phase changes). Thia latter process comes under the
heading of condensation-evaporation kinetics.

The purpose of the present report is to provide a model {rom which
a system of governing equations may be deduced and to indicate constitutive
relations which may be used to account for the interaction phenomena. Finally,
the results of the analysis are applied to special cases which are of present
interest.

The authors gratefully acknowledge the useful discussions with
Dr. Vito Agosta of the Polytechnic Institute of Brooklyn and Mr. Andrew Pouring

of Yale University as well as the numerical calculations carried out by

Mr. David Soll and the IBM 709 program written by Mr. Jay Hoffman.
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II. ANALYSIS

In establishing a model for the present complex flow system it
becomes necessary to make certain assumptions. These assumptions are, in
general, made in regard to the nature of the condensed phase system. The
basic assumptions are discussed below.

(1) The condensed phase is in the form of a cloud of solid or
liquid particles. This assumption is more of a statement of fact evidenced by
launch experience and wind tunnel studies relating to condensation of various
gases (5).

(2) droplet-droplet interaction is negligible. That is, the condensed phas= is
assumed to form a dilute suspension in the gas phase.

(3) the volume occupied by the condensed phase is negligible. This is merely

a statement of the fact that the mass density of a condensed species is much
greater than the mass density of its vapor.

(4) random motion of the particles of condensed phase is assumed negligible.
That is, pressure, temperature and transport properties associated with random:
motion are considered negligible compared with those of the gas phase. The
validity of this assumption rests on the condition that the particle size be largaor
than that of the molecules in the gas phase.

(5) thermal radiation is neglected. The low temperature with which we are
concerned implies that‘ thermal radiation will be negligible.

(6) each droplet has a uniform temperature at any instant. That is, conduction
(and convection within the droplet in the case of liquid droplets) is negligible. i

general, droplet sizes will be small enough to render this assumption valid.
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(7) we shall agsume that the state of the vapor at the droplet surface correspords
to the droplet temperature and velocity., This assumption is made in order to
provide a means of systematically accounting for the condensed phase-gas phase

interactions.

(8) surface energy, gravity and electric charge effects an neglected.

In general, the approach will be to develop a system of governing
equations which will describe the behavior of the gas phase globally and the
condensed species individua..lly. This permits the gases to be treated as a
multicomponent diffusing system with chemical reactions in the way previously
developed for gaseous systems (see e.g. Ref. 6). On the other hand, the
condensed species are treated individually so that the mass, momentum, and
thermal interactions can be handled in terms of the best available information
for flow about bodies under the conditions which can prevail in the present inves-
tigation, We refer to these relations as the constitutive relations. A discussicr
of these relations will be taken up after the general conservations equations are
derived.

In accordance with assumption (7), each droplet may be thought to

have a film of vapor aixrrou.nd'mg it. Within this film, velocity and temperaturc

are brought from the gas-phase values to the values at the droplet surface. Since

the film is vapor, it is associated with the gas phase but is considered to coniain
negligible masg. This implies that the instantaneous flow of mass, momentum
and energy from theparticles is equal to the instantaneous gain of mass,
momentum and energy by the gas phase. Thus, the film is the source of irrever-

sible entropy production due to the non-equilibrium transfer of mass, momentum

and




energy between the phases. It must be noted that the mass transfer which is
due to evaporation and condensation has an associated momentum and energy
transfer. These are in addition to the momentum and energy transfers due to
velocity and temperature differences, respectively. Let us consider this point
in more detail as follows, In the first place, assumption (2) implies that the
influence of the condensed pahse on the flow field may be constructed in terms
of the interactions associated with a single particle and its surroundings
multiplied by a local number density of droplets in the elemental volume of

mixture. This permits the use of available information for the interaction of

single droplets in an infinite fluid. Further, the introduction of the local nuinboer

density '""smears" out the actual discrete nature of droplet system. The vcuuit

of this is to predict a local, as well as overall, average effect of the droplcis

on the flow field. We consider first, the mass, momentum and energy transiers

with the evaporation and condensation process.

Mass Transfer: The process of evaporation is composed of a simultaneous

unilateral evaporation rate, @ , and a unilateral condensation rate. The net
v

result of the two unilateral rates is the evaporation rate. Thus, we have:

*LF

\/‘\/V = év— 6.1

Clearly, if this difference is negative we have condensation and if it is zero

there is, in effect, no phase change.
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Momentum: The droplet loses momentum at a rate equal to &v V;) and

simultaneously gains momentum at a rate equal to 6'1 V . This is in accordance
_B

with the condition that at the interface the vapor and droplet have the same

velocity YE Thus, the net loss of droplet momentum is given by:
[ . . F -
Ve (&= &) = Ve, 2

This represents a gain in gas phase momentum due to evaporation.
Energy: The droplet energy loss associated with the unilateral evaporation rate
is composed of condensed phase enthalpy, kinetic energy, and the heat of vapor-

ization. The gain of droplet energy associated with the unilateral condensation

rate is composed of the vapor enthalpy and kinetic energy evaluated at the interface

state. Thus, the net loss of droplet energy is given by:

So(hr el + 20 - 6 (e« ) =

[83]

=WVF “'\94-1. + \él#)

Note that the droplet gives up the heat of vaporization and gains the heat of

condensation where:

h‘/TP = \'WF + L

95N

In addition, the interface moves in accordance with the rate of evaporation of

the droplet. This results in a work transfer given by:

P’/Sj. W.VF
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where,

Pp = interface pressure

i

= droplet density

rate of increase in gas phase volume due to droplet
evaporation
Since, in general, L >» Pp/Gl , the energy associated with Eq. 5 is negligible
compared with that given by Eq. 3.

It has been pointed out that in addition to mass, momentum, and
energy transfers asgociated with evaporation, there exist dynamic and thermal
interactions in virtue of the velocity and temperature non-equilibrium betwec::

the phases, respectively. These are discussed, in order, in the following.

Drag Force :

The drag force constitutes a momentum interchange between the
phases. We shall assume that this force is purely a viscous phenomenon and

depends only on the velocity difference, i.e.:

fr= flw-ve)

Additional forces g@xst but can be shown to be, in general, of higher order {Ref. 7).

Thermal Interaction:

This thermal interaction which is dependent on the temperature

difference between the phases is merely a statement of cdnveptive heat transfer,




This precludes the existence of radiation heat transfer in accordance with

assumption (5). This convective heat transfer is expressed by:

Sp = Qp(Tv-Tr) -

In constructing the conservation equations, we shall consider the
existence of chemical reactions and assume that these take place in the gas

phase,

Conservation Equations:

In consideration of the above discussion, we are now in position to
write down the conservation equations in a systematic manner.

In order to maintain generality, we consider i gaseous species
and i condensed species i.e, each component can exist in each phase. We

consider each condensed species individually. The implication of this treatment

of the condensed phase'is discussed in a later section dealing with phase equilibrium

of multicomponent systems but does not influence the following development.

Continuity of Mass:

For the gaseous species:

0

. .
V‘ fVC\_/_V_{ = Wv(_ +W,,‘,_'

Where,

waﬁo

o F
E-WVC # Net production of gas phase mass due to
' evaporation
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For the i*® condensed species:

o F '
Ve SiVee = Wh, = — Wit 9

In order that the species in the gaseous phase may be treated in the usual

manner we introduce the following barycentric (mass mean) quantities:

33 = ;EV;. 10

€4V = ;‘fVLV& - 1

and

[ S

vz f’vt(\(g-—\g) i2

where we further introduce the gas phase mass fractions given by:

Yvi. = v
Tt

[
o

where,
2w = A 14
Introducing the definitions 10 - 13 into Eq. 8 gives:

Ve ?3V_q_YvC - WVF» + \l.\/vt - V'J C_ 15

—




which is the ""species conservation' equation for the ith gaseous species. If
Eq. 15 is summed over all i gaseous species, noting Eq. 14, we get the "global

continuity" equation for the gaseous system:

V°?3Y_9 = Z\A./VF:.' 16

In applying the present analysis it will be convenient to introduce

a variable for the condensed phase mass fractions defined by:

. ?Fa .
XP‘ = A IR
where

fr= fol

and

Z.»Xf" =1 19

Thus, Eq. 9 for the continuity of mass for the ith species of the condensed

phase:

(8]
(ow]

. F
Ve iViXee = Whpe
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Momentum:

The global gas-phase momentum equation may be written:

V.? ﬁ’;\ﬁ\./ﬂ = V'E_Q + Z:_{(Ep.)v- + EW‘/‘:\_{_& 21
¢ T N

where the summation notation, Ei—"i , reads, ''the force of all
¢
J

N\
FJ)V\

j particles acting on the ith gas species summed over all i gas species'. In

terms of the barycentric quantities Eq. 21 with the aid of Eq. 16 becomes:
s ¥
fave-Vvy = V.mmy + E_#,,)v, W (V- e) 22
A S NAL <
d
The ith condensed-phase momentum equation is given by:
Vo CiVorVer = & \Woh Vi ]
PORYE = oy, ¢ WA 23
J
which with the aid of Eq. 19 may be written:

Energx:

The combined gas-phase energy equation in terms of the barycentric

quantities is given by:
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V£, (us+ V—g_a\i’l)\g = —V.i, + VsTlgeVs - i—v‘&fhvc
+ E C?E&)Vc + E?-{'nv; Vi
) t
+ E W (hpl Lo+ Vo .\g;) 25

2

the ith condensed-phase energy equation is given by:

VS Unr et = Sy Ve + Qe
:l 26
=Wt Chpi 4L+ o)
LS

SUMMARY OF CONSERVATION EQUATIONS:

The equations developed, as initially proposed, govern the mean
mass flow field of the gas-phase and the individual flow behavior of the condensed-
phase. It is also of interest to consider the "mixture'" equations as a possible
set of working relations. These equations are obtained by merely summing over

all species in all phases. The resulting equations are listed below.

Continuity of Mass:

Mixture:

V‘(F‘J\fﬂ +f_$g\{gt‘) =0 o7

ith condensed phase:

3

VAR TEERVIATE er = = Wi

[ %]
o)

ith gas phase:

V'Q Yg Yo = \;/VT + \/.\/vf - V- .)_\Q 29




Momentum

Ve TVa + Z6Voe»TVe = VT + = W (Ves - Va)

Energy

\VZ [@(h9+ Y’—Z\é’;)\_/g_ + ‘E‘?P;(hy;a- Y_E_LL-E‘)\{EL:I =

Mixture:

V-(BVave + EG Vo) = Vo TT

or,

ith condensed phase:

€P\. \ZL\ ¢ v YE.‘

Mixture:

-
-

QC(%%_) P

=~y + V(Gv) — =V ha

V- Vihg + B8 4 EGv, - Ulhy +

or

— V-9 + V- (Gvs) - =Tl hy

ith condensed phase:

Qezvyp: — Wei L

Ve Vo

+

=)

15

3Ca

31

Sla

33




The above relations, 27, 28, 29, 30a or b, 31, 32a or b and 33 constitute

seven, 7, partial differential equations for the nine, 9, unknowns:

?g ¢P§.

Va Vg
b
R

The additional relations are supplied by Eq.'s of state:

Pq = R(¢, T, Yor)
\'\cj = Z. Yoo }Wv\‘ (Tg)

We note that this discussion assumes knowledge of the dependence of q , T
& ¢

and j,  on the above variables. The discussion of these relations is taken
1

- [

up in the next section where similar relations for gas-phase condensed phasc

interactions are discussed.



III. CONSTITUTIVE RELATIONS FOR THE RATE PHENOMENA

In order to complete the necessary set of gaverning equations we

L3

must supply relations for fi , Q. , W ,4q, T , and jv- . There exists no

2 1 vy 8 g i

available theory for the description of the above six rate parameters occuring

simultaneously. The kinetics of condensation and evaporation itself is not

fully understood and forms the basis for many current investigations (Ref. 8).
The problem of nucleation, condensation and evaporation, from both molecular
and macroscopic approaches is reviewed extensively in Ref. 5. On the basis of
available information it has been suggested that a semi-empirical approach would

*
be the most fruitful direction to adopt in the present complex problem.

* The authors would like to thank Mr. Andrew Pouring of Yale University for
the informative discussions on the kinetics of condensation and evaporation.
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Drag Force ( f ) We have indicated (see Eq. 6) that the drag force on a particle
P; q g P

e

depends on the velocity difference. In terms of a drag coefficient, C_ , the

D
force on a single droplet in the condensed phase is given by:
@v,')i}'_ = fepc - ~£E‘ - CoAch <\(_q—\/_y_{)\\é)—\{gg\ 37a

Np; N?': Nf\' &

This discription assumes that all particles associated with the local number

concentration, Np » have the same average size. This restriction may be re-
i

moved by introducing an appropriate size distribution law (Ref. 9). A CphA
would then be determined for each size group within the local number concentra-
tion. Equation 37a may be rewritten to provide the total force per unit volume

of mixture and is given by:

fo = S GRS (Va-Ver)| Ve Ve 375
AN z

In application, we shall assume that the droplets are spherical in shape so that

Eq. 37b may be written:

. Co 53 . o
fooo & % 22 (- ve-ve

-

If the flow is in the Stokes regime then:

.. 249 _  12Ma
Coi - Ret 7 & Mpolva-Val 38



and we get:

ﬁu‘ = c’/z M (Vj_—\/_g_() 39

[y

Thus, Eq. 39 or, in general, Eq. 37c may be used to account for the drag force
between the gas phase and condensed phase.

Heat Transfer(é ) : The heat transfer between the gas phase and condensed

P;

phase depends on the temperature difference and can be expressed in terms of

Newton's Law of Cooling. In terms a heat transfer coefficient, this is given by:

QEVJ)PC - QPL‘ = \'} AC(TS‘TPL‘) 404
Np: Ne:

Thus, the heat transfered per unit volume of mixture to the ith condensed specics

is given by:

Qpe = % NA (T~ Tp) 40h

and for spherical particles we get:

C‘Qp: = _3__1__?: )\l (Tg -'\‘P‘-) 40c
81 ¢ Tou
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The coefficient )\i is dependent on the rate of evaporation, in , in virtue of
the fact that this diffusing vapor is heated in flowing away from the droplet. The
following development for )\i is based on the work in Ref's 10 and 11.

We assume that the heat and mass transfer from the droplet is a
quasi-steady process. The conductiom term is modified by a correction factor,

C__, to account for convective heat transfer. Thus, the heat transfered to a
H

gsingle droplet in the ith condensed phase is given by:

Qo = ATk Gu %I - kVVvFJ),,CPé (T-Tpd) o
NPC r

In virtue of the quasi-steady assumption, Eq. 41 may be integrated from

r=r_ tor = oo togive:

(Wilce:

- Yp. art k. CHe 47
Qp: = amk: Cui i (Tg-Tp) ¢ —
Np\' (Wv.,’bi
e"pgqr\' ¥ CHi -..j

Now, we note that as Wv. —~ 0 the term in the brackets approaches unity, 1.¢.
1

XJ‘;;M —_ 1 43
W.

w—>0
and we get:

.QN-P-L = 47Tk,, CH.; rP‘ (TQ—TP\') 44
N




The usual definition of the film coefficient is given by:

C_S&_ = hw a6l (75T
3

so that by comparison we get:

Cu = hi?rl— = "\a—(N“)H

Therefore, returning to Eq. 42, we may write:

(WVF\'L Cpi

~ L ar YP': hH(
_QEL = 4, hH( (Tq—TPL)
Np. Mavdgcp,
o T hy

or,

Qpi = 3% b (To-Tr)
STRY

50 that by Eq. 40c, we have:

NV:\),CP N
anag, he

}\t' = h‘*t‘ (Mathce.

gampc e ]

!

[}

45

Ky
“ri

49
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Correlations exist for hH' for evaporating droplets. Ref. 10 gives:
1
\ 2 e (oo iy o
(N“/H ey ~——T<~L—e— = 2 4 06 Cpﬂ) (Ee)
‘

50

Equation 50 can be considered the best available correlation under a specified
range of conditions. For example, Eq. 50 correlates the Nusselt No. with the

Prandtl and Reynolds No's. for the following range of conditions:

0 <R_, < 200

80°F < Ty < 4000F, for droplets of water, and various
hydrocarbons evaporating into air. Therefore, the application of Eq. 50 to the
severe conditions which may exist in the present problem must be performed
with reservation. It will be assumed that in any case, the bagic features of the

flow field are retained when correlations of this kind are applied.

Mass Transfer: The analogy between the transfer of heat and mass permits us

to expregss the evaporation rate in manner which paralleis the development for
the heat transfer. Thus, we define a film coefficient for mass tranafer, hD ,

such that:

B = b A (g - ) .

3
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In virtue of the similarity between heat and mass transfer when they occur in

separate flow fields, we may expect a correlation for h similar to that for
hHi . Ref. 10 gives:

o 2 ho. 1. 3 Vo

(N“)M = —b = Z+ 00 CSCL) (f?e;) 52

[N

where the Schmidt No. replaces the Prandtl No. in Eq. 50 for the heat transfer
coefficient.

It should be noted that Eq. 51 cannot predict the onset of conden-
sation. The onset of condensation, or nucleation depends on the presence of
(1) foreigh impurities which may be in the form of previously condensed substances
and (2) clusters of molecules formed of the speéies under consideration. When
only nuclei of the second kind are present the situation is refered to as self-
nucleation. In either case, there is a critical nucleus gize required above which
the droplet continues to grow. Approximate microscropic analysis for critical
droplet size and for aubsequent droplet growth are given in Ref. 5 and 12. These
relations depend on knowledge of surface tension{or surface free energy in the
case of solids) for which little is known particularly at the low temperatures of
present interest. We will purposely delay specific analysis relating to nucleation
and non-equilibrium condensation on the grounds that the mixing process of
present interest will probably tend to be in thermodynamic equilibrium. The
basis for this assumption rests on the fact the mixing region is boundary layer

like and therefore is not subjected to strong streamwise temperature gradients.
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The departure from phase equilibrium in supersonic and hypersonic wind
tunnels depends on the existence of severe streamwise temperature gradients
(Ref. 8). A discussion of multicomponent phase equilibrium is given in

section IV,

Viscous Stress: In virtue of assumption (4) the transport of mass, momentum

and energy due to random motion is limited to the gas phase, The pressure

tensor is given by:
= —-R& + T 53

where, (9 =2 viscous stress tensor

we take the usual Newtonian description forTé given by:

Ty = 244 [.L.(V'\_/g_ +V\ﬁ)_-)— -g-—/otgv‘\/_ Y 54

2

where W is the absolute viscosity of the gas phase mixture and can be represent-

ed in terms of the gas concentrations of each of the species by (Ref. 13)

M
2 SR E_V!*_Y@u

¢ Wy Yo W,

55

Jo
J#
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where,
Ik a7+
PRLVAARN
[ -G (W)
O, = - .

M = AL, “3) 57

Heat Conduction: Thermal conductivity, as in the case of viscosity, derives

from the random motion of the gas phase. Assuming Fourier's Law, we have:

Ct% - - k‘jvaJ .58

where kg is the thermal conductivity of the gas phase mixture.

Diffusion: Here, as in the description of viscosity and thermal conductivity,
diffusion occurs only in the gas-phase. We assume Fick's Law for the

diffusion of the gaseous species which is given by:

J_V_],\_ = - fﬁ D\,J v YVL\ 59

where D . is the binary diffusion coefficient. In general, calculations will be
i

made for specified Prandtl and Lewis No.'s so that there is no present need for
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explicit relations for K and D .
g 1)

Relations 37c, 48, 51, 54, 58 and 59 complete the description of the
rate processes. We have, for the moment, omitted a specific discussion of
finite rate chemistry in order to focus our attention on the two-phase problem.
The inclusion of chemical reactions requires statements for the W\i 's
(Ref. 14).

We have mgntioned under our discussion of evaporation rates that
phase equilibrium may play an important role in the mixing process. It is,

therefore, instructive to consider the relations which are applicable in the

limiting case of multicomponent phase equilibrium.
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IV. MULTICOMPONENT PHASE EQUILIBRIUM:

Classical developments on multicomponent phase equilibrium may be
found in Ref's. 15, 16 and 17. We shall limit the present discussion to ideal
mixtures for which the activity coefficients are identically equal to unity.
Further, we shall assume the fugacites are equal to the pressures. The non-
ideality of mix'tures as expressed thru the activity coefficients and fugacities
must be determined by means external to classical thermodynamics. These
quantities are determined, in general, by experimental means. There appear
to be no available results for the conditions of present interest. It should be
noted, however, that the approximation regarding the fugacities is quite
reasonable by virtue of the low pressures under consideration.

Thus, for the ideal mixture composed of perfect gases and condensed

phases we define a vaporization equilibrium constant given by:
Y
bc‘ = T 60
K

where the bar indicates mole fraction. The vaporization equilibrium constant,

Kﬁ, is a function of the mixture temperature for given total pressure, i.e.
K,(\ = _B_&.. 61
where, \03 R. = a! + b
T

‘ P
¢
1

-?L. = 4
— 62
K =

=
E -
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The total molar concentration of a given species is defined by:

p. -
'g'-’m 63
where ?’M: Pq + _f-; and the bar indicates a molar density, where,

?3’ Eﬁt 64

and

feE R

The degree of vaporization for the mixture is given by:

65

sl

3=

go that Eq. 63 may be written:
A X3 % (1-3) 66
or with the aid of Eq. 66;

Yo3 v L (1-3) 67a

|<4\

— X ke 2 + X (\-3) 67b
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Thus, Eq. 67a gives:

—

Y = VAN

- 68a

1+ 3 (k4-1)

and Eq. 67b gives:

')ZC - A 68b
4+ 3 (Keo-)

with the aid of Eq's. 62, Eq. 68a and b may be combined to give:

/g(r\
; \ - 69

Thus, if the total concentration ( ﬁi ) of each species and the mixture temperature
are known the concentration distribution of each species is determined. The
degree of vaporization is obtained thru Eq. 69 and the gas-phase and condensed-
phase concentrations are obtained thru Eq. 68a and b, respectively. For

purposes of reference we have the additional relations for the total molar

concentrations:

— ——

A= /3 a 70
/\./( - ﬂkr + (,'Ula
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where
6{,, = (\"2) X 71a

and

ﬂ““J - ; Y 71b

In terms of total mass fractions, we have:

Wm'-‘ E_‘ _@\_ 72

where,

7. g W 73
ﬂ‘ B ﬂ" W

This analysis implies that each droplet in the condensed phase is a
mixture of all condensing species., This would also be true in the case of non-
equilibrium condensation or evaporation. Thus, as previously mentioned in the
development of the conservation equations for the individual condensed species,
the interpretation of these equations must be consist/ent with the manner in which
condensation and evaporation is considered to take place. If each species i is
considered to condense into droplets of species i is then the representation
of the conservation equations for the individual species requires no interpretation.
If, on the other hand, condensation and evaporation occur in accordance with the

above equilibrium case, then there will exist only one kind of droplet composed
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of all i condensing or evaporation species. in this case, the 3i condensed
phase conservations are replaced by 3 condensed phase equations for mass,
momentum and energy. There will be a single droplet velocity and temperature.
The properties of the condensed phase will be given by:

@ - E; ?o,‘ 74

v e v TR i
¢

(Co)p = _gl’;‘ EJ(‘CP)R R 75

The evaporation rate for the condensed phase will be given by:
Wy = = Wa 76
¢

where

\/.\/v,_‘ = Xf. \;\/V

77

Eq. 77 is required for the gas-phase species conservation equations. The
droplet drag force and heat convection are also represented by single relations.
Specific details of this discussion depend on the particular assumptions made
with each case under consideration. This point is discussed in the following

application.
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V. APPLICATION TO CHEMICALLY FROZEN AXISYMMETRIC

JET IN PHASE EQUILIBRIUM

In order to establish limits regarding the presence of a condensed
phase we consider the flow to be in equilibrium. The existence of temperature
and velocity equilibrium is an assumption based on the condition that the
condensed phase is in the form of a cloud of small droplets, If the droplets are
small then the heat convection and drag force are large and the resulting
temperature and velocity lags will be small. Thus, the presence of small
particles is an inherent condition in the equilibrium assumption. Surface
tension effects are also neglected. The surface tension plays the governing
role in determining the degree of supersaturation which occurs prior to
condensation. This effect is primarily limited to the nucleation process where
the nucleus size is of molecular dimensions (ref. 12). This effect on the non-
equilibrium condensation decreases exponentially with the inverse of the
droplet radius. In the adsence of severe streamwise velocity and temperature
gradients which is characteristic of the present mixing process, the assumption
regarding equilibrium condensation of air appears to be a reasonable first
approximation for the major portion of the flow field.

The phase equilibrium of hydrogen requires that the condensed
fraction flash to vapor on entering the atmosphere. This equilibrium require-
ment is perhaps the limiting assumption in the present example particularly
at the higher condensed phase concentrations (up to .45 in present calculations).

In any case, effects of the above assumptions on the flow field decrease
as the mass fraction of condensed phase decreases. Thus, we consider the

present calculation as a guide to the more complex physical phenomena actually
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occuring and interpret the results as quantatively accurate for small mass

fraction of condensed phase, and qualitatively descriptive for other configurations.

Governing Equations :

In accordance with the above discussion, the governing equations
27 thru 33 reduce to the following system for the axisymmetric jet Fig. 1 with
gas phase Prandtl and Lewis No.'s all equal to unity. These equations are taken
to be identical in form for both laminar and turbulent flow with mean turbulent

quantities replacing their laminar counterparts .

Continuitz:
Global:
DUl 4+ DEVI = o 78
ISP or
Species:

2 rkQp: 79

S v KU 80
Af Y

o r\(a{‘,m 81
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The appropriate boundary and initial conditions for a jet of radius a are:
for x =0 , o £ fca
W= u, , Vo, Hem= W, , /éoz_:ﬂnl =0
ﬁHL = l

for

X=z0O , =0

U=Ue , V=0 , He = He ) goLzﬂcLe/ﬂNL:BNLC /BHI:O

XZo

Lo MeHe | usUe V=0 |, BoBoe ,Aniluc ., Au= o

,

with the regularity condition applied along the jet centerline.
for laminar flow we have:

K= Mq

and for turbulent flow we have:
k= &9,
where € 1is the eddy viscosity coefficient.

In virtue of the unity Prandtl and Lewis No.'s, similarity in the
equations for Bl , uand Hm exists. Further, since the boundary conditions
are similar the system admits Crocco relations for Hm and the Bi 's, i.e. Hm
and Bi are linearly dependent on the velocity, u. Thus, the problem reduces

to that of determining the solution for the velocity distribution. This together

with equations of state and appropriate phase equilibrium relations fully determine
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the problem.
The solution for u is more readily handled in a corresponding
incompressible plane. Following Ref. 18 we introduce the following stream

function:

fmur = f&ut ‘USU,,

‘fmvr i~ ?gu-g "Pvfx 82

Introducing Von Mises tranformation, j.e. x, r = x, ¥

where,
¥ o
. ZQUC ! / )
Y fmu &P dk/’ 83

o

)

and applying a modified Oseen approximation in form,

My Snriu = ¢ 84
& Uet WLt 4)9

where the additional transformation

- x g(x')
g f .

is introduced, the momentum equation becomes:

_a_"_):-: H.é_’_ -U. »86
F ¥ aw%%g

dx’ 85
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where,
e b w
" , B
y" = Qo [—22=. U"‘ Ue
J Q Ue ) J 87

Following Libby (Ref. 14), for laminar flow the approximation function

ix) is e ted along th

(M) °8

L*Elx

For turbulent flow a model suitable under present conditions is:*

1]
{oqy = r‘ le (uc- Ue) 89
where rl/ is the ""half radius' defined by:
2
(kA flh_ <u¢ + u") 90

and n is the Prandtl mixing length constant.

The inverse transformation then becomes:

¥
Ae. =
¥ H"Jt

df’ 91

* Note: This model doeu not predict reasonable results under other conditions:
For example, cases where U, = 1. However, the modified eddy viscosity
model applied in Ref. 4 is not’suitable under present conditions.
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The initial and boundary conditions on the momentum equation become:

V)= U, Vo oce Ve

AM& ( v )

With the regularity condition applied along the jet centerline, ¥ = 0.
The solution of the momentum equation is given by the offset circular

probability function P;

\P _(v’/;’i)l ! ‘P'l
- as/y. | "ave. u ;
P= ‘\—;Lrj - aJ;- e / 4 eqrml_o(},(%)(__zj{) J wdy os

which has been tabulated in Ref. 19,
In order to perform the inverse transformations to the physical plane
(Eq. 83 and 88 of 91), the thermodynamic properties must be determined. The

stagnation enthalpy is given by:

T He (U-Vs) +H; (1-V) - U + b
\— U

93

M



and the total species concentrations are given by:

/601, = /@OLL :\_{'_:%—

N, = Bne AU
Br = fone Y=Y
Bu, = \—

- U

The Equation of State is given by:

/Q ).3_ ﬂNL gﬂtg
p = P¢=€m€ \/\70,_ WN? + WHL§ZT

where, ﬂozg

The stagnation enthalpy is given by:

x L'ﬂ@
H’m = ..UaL_ + ﬂolé‘.‘mj— ﬂb :

4 B { b - _@Lﬁf_:_ LNI}s

§

I
X hz - 6HL / r‘t) L
+ ﬁﬂz H »

T G

- §
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94

95

96

97
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where,
h»’ﬁ = hib("') 98

and

——

The equilibrium conditigns used in the present calculation will be an approxima-
tion to the results presented in section IV. We shall consider the partial
pressure of a species in two phases to be equal to the saturation pressure
corresponding to the existing temperature. This is exact when only one of the
species condensed. However, the error is small in virtue of the steep slope of
the vapor-preasure curves. That is, the range of temperature over which two
phases of each species exist in comparable proportions is extremely narrow.
This, coupled with the close similarity between Oxygen and Nitrogen justifies
the assumption.

Thus we have:

Nitrogen:

59 .09
(Oﬂ.o Ru(wmiy) = 7.6589 — 3—2_’70(,?3) 100

Oﬂgen:

l03mPol("m‘r\'3) = 9.13) — 482 101
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where, Eq. 100 is given in Ref. 20 and Eq. 101 is a curve {fit of data given
in Ref. 21.

Relations 94 thru 101 fully determine the nature of the flow field in the
velocity plane and supply the required thermodynamic variables for the trans-
formation to physical coordinates via Eq.'s 83,88 or 91 and the viscosity

relation, Eq. 55.

Method of Solution in the Velocity Plane

The solution in the velocity plane can be carried out for the
following given data:

(a) Altitude

(b) Hydrogen tank conditions with an isentropic expansion to

atmospheric conditions

(c) Vehicle trajectoryi.e. u, vs Altitude

Now, for each velocity ratio Uj < U < 1 the computations proceed
in the following manner:

(1) Assume T

(2) Assume O, and N_ exist in two phases so that P__ g and PO g

are determined by Eq.'s 100 and 101 respectively.

(3) P, is determined by:
H,

PH, = Pe — PN;g - P°‘3
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(4) BOZ g and BNZ g are determined by Eq.'s 93, i.e.

/gozj = Po}'g ﬁHL Wo,

PHL WHL
and
N = i“.*_‘)__. He \
ﬁ t9 PH; WH, WM.

(5) (a) if BO g <8 then assumption (2) for O2 is valid.
2

C2
Similarly for N2 .
(b) if B, g > B then assumption (2) is incorrect and we
take all O, in the gas phase. Similarly for N

5 -
(6) With (1) and the results of (4) and (5), the stagnation enthalpy
must be checked. In Eq. 97 Hm and u are knwon and the ﬁi's have
just been determined. Thus, with (1) we can determine whether the
stagnation enthalpy relation is satisfied. If it is not satisfied, a new
temperature is assumed, step (1), and the computations are repeated.
This procedure is carried out for each velocity ratio U in the range

Uj < U <1 corresponding to each set of given date. Calculations were

carried out for the following given data:
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Altitude P, T, * u, H I-Ij u.
(KM) ATM (oK) F.P.S. 6l/gm  Gal/gm F.P.S.
60 0.000252 254 7330 65 175 2785
40 0.00298 261 4990 340 175 2460
20 0.0545 216 2420 117 175 1880

Additional quantities which were taken as constants in the calculations are:

BO e = 0.232 Hydrogen fuel tank:
2 T, = 20.0 °K sat.
BNle = 0.768 2 = 1 ifch
LOz > 65 —Cg—a'—rrl—l-‘ |
Ly, = 57 §%§-‘

Thermodynamic properties used in the calculations are given in Ref,'s 20 and 21.



VI. DISCUSSION

The description of the phenomena resulting from the dumping of
cryogenic hydrogen into the atmosphere requires a departure from the usual
oﬁe-dime;sional pipe flow models found iﬁ the literature for treating two-phase
flows. The class of problems of interest depend on mixing for their descriétion
and therefore require a multidimensional analysis. Since the present problem
involves the mixing into air of cryogenic hydrogen with a normal boiling point
substantially lower than the air we will, in general, encounter small condensed
phase mass fractions. Thus, in such a mixing process, the condensed phase
will form a dilute suspension in the gas phase. In the present work a model is
developed for treating the flow of a dilute suspension of condensing and evapora-
ting corﬁponents. Velocity and temperature lags between the phases are accounted
for in terms of appropriate momentum and energy interaction parameters.
Evaporation and condensation is accounted for in terms of appropriate mass
transfer and the associated momentum and energy transfer parameters. In
addition to these inter-phase transfers we have gas phase viscosity, thermal
conductivity, and diffusion of the gas phase components. The description of
the inter-phase tranport phenomena poses a substantial problem in itself.

There is a general lack of fundamental constitutive relations to account for the
simultaneous occurrence of the above discussed inter-phase rate processes.
This is particularly true of the nucleation and condensation processes at the
low temperatures of current interest. In any case, this area requires much
additional work. Thus, it is necessary to adopt a semiempirical approach

which in general will be qualitatively valid and in certain limiting cases will
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provide quantitatively vaiid results.

In the present numerical example the boundary conditions are such
that the flow will be chemically frozen. This removes the added complication
of rate chemistry and permits this preliminary analysis to focus on multi-phase
effects. In particular, the analysis and numerical results for a diffusion con-
trolled axisymmetric jet are presented. Fig‘é. i thru 4 show the jet
geometry and the distributions of the pertinent variables, respectively. Fig. 1
is a schematic representation of the axisymmetric jet showing the inner cone
composed essentially of undisturbed two-phase hydrogen. In crossing the
cone boundary, the hydrogen flashes to vapor in accordance with the equilibrium
assumption. The remaining figures show the radial and axial distributions
of mixture mass fractions of condensed phase and gas phase components. In
addition, temperature and velocity distributions are presented. These results
are for the altitudes of 20, 40 and 60 KM. There are some general features
characteristic of all altitude determinations. We note that the air is completely
condensed until certain radial and axial positions are attained. At these points
there is a rapid spacewise transition from solid to vapor accompanied by a
plateau or an actual decrease in temperature. The rapid phase change is due
to the large rate of increase in saturation pressure with temperature. Thus,

a point is reached where the local pressure and mixture concentrations cannot
support the condensed phase. The energy required for the evaporation is de-
rived from the gas phase and consequently inhibits a temperature increase in
this transition zone. A feature of considerable interest is the streamwise extent

within which two phases exist. The two limiting cases of laminar and fully
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developed turbulent flows have been treated and provided the maximum and
minimum '"'two-phase lengths', respectively. The long lengths in the laminar
flow are attributed to the low viscosities associated with the low temperatures.
The turbulent model used in the present case provides an eddy viscosity based
strictly on dynamic quantities, i.e. on the velocity difference between the axis

L, B D T 2 a e . 1
and free stream. This could account for the large ~~ 1000/1 ratio fo

"
&
o

laminar to turbulent two-phase lengths on the axis. We expect ratios of the
order of 100/1. In any case, the actual two-phase lengths depend on the degree
to which turbulence has developed. Thus, we can only estimate that for the
present problem two-phase lengths on the order of hundreds of feet can be
expected.

Regarding effects on ignition and combustion of hydrogen we note
that two-phase flow does not exist above T = 50%. At temperatures of this
magnitude, we cannot expect any chemical activity. This implies that even
for appropriater(high temperature) free stream conditions, the existence of
two-phase flow provides an additional ignition time delay factor. That is, before
ignition occurs re-evaporation must take place where temperature rises are
inhibited. This is characteristic of ignition delay.

It has been pointed out that the equilibrium assumption applied to
the hydrogen is perhaps the limiting assumption in the present jet problem. In
order to asses this assumption a '"partial equilibrium" analysis is currently
eing programmed for digital computation. In particular, two-phase hydrogen

is injected into an air stream where it assumed that the air condenses in
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equilibrium. On the otherhand, the condensed hydrogen particles are allowed
to evaporate according to an appropriate rate law. Included in this work will
be the effects of small particle evaporation and condensation in rarefied
atmospheres pertinent to the high altitude range of present interest. In order
to provide an insight into the effect of finite rate evaporation the limiting case
of zero interphase mass transfer is shown in Fig. 5 . The details of the
partial equilibrium analysis will be available under separate cover at a later

date.
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